Abstract. Some inequalities for twice differentiable mappings are presented. Some applications to special means of real numbers are also given.
Introduction

A function f : I ⊂ R → R is called convex on the interval I of real numbers if
for all points x and y in I and all λ ∈ [0, 1].
Let f : I ⊂ R → R be a convex function on the interval I of real numbers and a, b ∈ I with a < b. The inequality
is known as Hermite-Hadamard's inequality for convex functions [7] .
In 1935, G. Grüss (see [7, p.70] ) proved the following integral inequality which gives an approximation for the integral of a product of two functions in terms of the product of integrals of the two functions. 
Theorem A. Let h, g : [a, b] → R be two integrable functions such that φ 1 ≤ h(x)
with equality if and only if one of the functions f , g reduces to a constant.
If f and g are monotone in the opposite sense, the reverse inequality holds.
is known as Bullen's inequality for convex functions [1, p.39 ].
In the literature, the following definition is well known:
For several recent results concerning Hermite-Hadamard's inequality and twice differentiable mappings, we refer the reader to [1] - [6] .
In this paper, we give new inequalities for twice differentiable mappings and some applications to special means of real numbers.
Main results
We first prove the following lemma:
a, b ∈ I 0 with a < b. Then we have the equality
where, I 0 denotes the interior of I .
Proof. By integration by parts twice, we have
Hence, we obtain desired equality (1).
where a, b ∈ I 0 with a < b. If the mapping
, then we have the inequality
Proof. Applying the first inequality of Hermite-Hadamard for the mapping ϕ, we write
and 2
Applying the Bullen's inequality for the mapping ϕ, we have
Adding all these inequalities and from Lemma 1, we have
which is required inequality (2).
Example. Let us consider function f defined as f (x) = x 3 . Then we have f "(x) = 6x. If we apply Theorem 1, we obtain
64 .
If we choose a = −2, b = 1, we deduce
where
Theorem 2. Let f : I ⊂ R → R be twice differentiable mapping on I
, where a, b ∈ I 0 with a < b, then we have the inequality
where, B (p, q) is Euler's Beta function.
Proof. By (1) and Hölder's inequality, we have that
Using the change of the variable x = (1 − t )a + t a+b 2
and
Using the change of the variable x = (1 − t ) a+b 2
+ t b and from
Combining all this inequalities, we have
Hence, the theorem is proved.
Remark. Let f be as in Theorem 2. For p > 1, p ∈ N and using the equality
Theorem 3. Let f : I ⊂ R → R be twice differentiable mapping on I
Proof. By Grüss inequality, we have that
By integration by parts, we get
By Lemma 1, we have that
Hence, we obtain,
That is,
and the theorem is proved.
Theorem 4. Let f : I ⊂ R → R be twice differentiable mapping on I
where, Proof. By Lemma 1, we have that
By integration by parts, we deduce
Also, we have
By Chebychev integral inequality, we have the following inequalities: Proposition 1. Let 0 < a < b and n ∈ Z − {−1, 0}. Then we have the inequality,
Proof. The assertion follows from Theorem 1 applied for f (x) = x −n , n ∈ Z − {−1, 0}.
Proposition 2. Let 0 < a < b and n ∈ Z − {−1, 0}. Then we have the inequality, for all p > 1 and
where B (p, q) is Euler's Beta function.
Proof. If we apply Theorem 2 for f
Using the facts that
we find that Hence, we have the conclusion. Hence, we have the conclusion.
